In this paper, we propose a new method to extract the singular part from the linear metric perturbation induced by a point particle moving on a Schwarzschild/Kerr black hole. The only assumption we make is a kind of analiticity of the resulting metric perturbation around the particle. The method is expected to be useful in investigating the gravitational radiation reaction to the motion of the particle, its spin, and so on. §1. Introduction 507 Owing to recent technological advances, it has become possible to detect gravitational waves, and several projects for constructing laser-interferometric gravitational wave detectors are going on. 1) One of the most promising sources of gravitational waves is a coalescing compact binary system. The event rate is estimated to be 3 events per year, and for this reason, most gravitational wave detectors are designed for gravitational waves from binary coalescence. 1) Though detection becomes possible, it is estimated that the physical information included in gravitaional waves is still obscure, due to various sources of noise. For the effective extraction of the signal from observed data, a matched filtering technique is thought to be useful, in which one takes an overlapped integral of data and a theoretical template in order to measure their coincidence. When we could find a template displaying good coincidence with data, we conclude that gravitational waves come from a binary characterized by the parameter for which the template was derived.
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Owing to recent technological advances, it has become possible to detect gravitational waves, and several projects for constructing laser-interferometric gravitational wave detectors are going on. 1) One of the most promising sources of gravitational waves is a coalescing compact binary system. The event rate is estimated to be 3 events per year, and for this reason, most gravitational wave detectors are designed for gravitational waves from binary coalescence. 1) Though detection becomes possible, it is estimated that the physical information included in gravitaional waves is still obscure, due to various sources of noise. For the effective extraction of the signal from observed data, a matched filtering technique is thought to be useful, in which one takes an overlapped integral of data and a theoretical template in order to measure their coincidence. When we could find a template displaying good coincidence with data, we conclude that gravitational waves come from a binary characterized by the parameter for which the template was derived.
The purpose of this paper is to establish an efficient method to construct theoretical templates of gravitational waves coming from binary systems with certain sets of physical parameters. Gravitational waves are generated due to the time-varying distribution of matter. Therefore, the problem is to consider the orbital evolution of the binary, taking into account the effect of radiation reaction.
Linear perturbation studies are thought to be effective methods to investigate the orbital evolution of coalescing compact binary systems. 3 ) In a linear perturbation study, one assumes that one compact object of mass M makes a dominant contribution to the gravity and that the gravitational field is approximated as a Schwarzschild/Kerr black hole. The other object of mass I-l is then treated as a point particle which induces a metric perturbation on the background black hole geometry. Neglecting O( (pi M)2)-terms, we then solve the linearized Einstein equations.
In previous works employing perturbative studies, 3) one derives the asymptotic behavior of the metric perturbation induced by a point particle. Then the gravitational radiation loss of the energy and the angular momentum of the particle motion are derived using balance equations. Though the use of balance equations is quite effective, they are not sufficient to investigate the radiation reaction. One example is the radiation reaction to the Carter constant. The orbit of a particle moving around a Kerr black hole is characterized by three parameters, the energy, the angular momentum and the Carter constant. Thus the radiation reaction to the orbit cannot be computed until one finds the reaction to the Carter constant. Besides the orbit of a non-spinning particle, the orbit of a particle with multipole structures is far more complicated, since it has much more physical freedom, and the radiation reaction to the orbit and the spin vector cannot be obtained.
In this paper, we discuss a method to derive the explicit components of the radiation reaction force from the metric perturbation. §2.
Method of regularization
The local behavior of the metric perturbation around the position of a particle was investigated in previous papers.
4 ) (We call this a 'local' analysis of the metric perturbation.) As one may easily infer, we found that the metric perturbation diverges at the particle and that the metric perturbation can be divided into two parts, the instantaneous part and the tail part:
The divergent behavior of the perturbation around the particle owes to the instantaneous part, and it is determined by the background metric and its derivative at the position of the particle. The tail part of the metric perturbation is regular at the particle and it is determined by the global structure of the background geometry and the past history of the particle motion. In a previous paper 4) we derived the equation of motion taking into account the effect of the gravitational radiation reaction. We found that the gravitational radiation reaction is totally due to the tail part of the metric perturbation. We define the regularized metric, which is the sum of the background metric and the tail part of the metric perturbation,
Then, the equation motion becomes a geodesic equation with respect to the regularized metric. However, the explicit components of the tail part were left unevaluated. The difficulty is that it seems impossible to derive the tail part by a simple extension of a local analysis, since the tail part depends on the global geometry of the background spacetime.
On the other hand, there are well-known methods to derive the metric perturbation of a Schwarzschild/Kerr black hole: the Zerilli-Regge-Wheeler formalism 5) in the case of a Schwarzschild black hole and the method of Chrzanowski 6) in the case of a Kerr black hole.*) (We call this a 'global' analysis of the metric perturbation.) We consider the derivation of the tail part by a combination of the global analysis and the local analysis. The metric perturbation is obtained by the global analysis in the form of a Fourier-Harmonic expansion, under a certain gauge condition (the Regge-Wheeler gauge or the radiation gauge), and the instantaneous part is obtained by the local analysis under the harmonic gauge condition, and we consider the extraction of the instantaneous part from the metric perturbation obtained by the global analysis.
We suppose that the particle is placed at a point zl:t. The metric perturbation and the instantaneous part of it diverge at xl:t = zl:t. Therefore, we consider deriving them at a point xl:t #-zl:t. After the derivation of the tail part, we consider taking the coincidence limit xl:t ----+ zl:t to derive the regularized metric at xl:t = zl:t under the assumption that the tail part is analytic around the particle. At this stage, one may have two strategies. (1) One first derives the instantaneous part in the form of a Fourier-Harmonic expansion, and then extracts each mode function of the instantaneous part from the corresponding mode function of the metric perturbation.
(2) One first takes a summation of the Fourier-Harmonic expansion of the metric perturbation, and then extracts the instantaneous part from the sum to derive the tail part. The advantage of strategy (1) is that the mode-by-mode extraction can be done after taking the coincidence limit, xl:t -, zl:t, since each mode function of the tail part and the metric perturbation (hence each mode function of the instantaneous part) is finite. However, there is a problem in this method. Since the instantaneous part of the metric perturbation is known just around the particle, it is not possible to derive the Fourier-Harmonic expansion of this part. Therefore we consider strategy (2) .
The problem with strategy (2) is that it is difficult to sum a Fourier-Harmonic expansion of the metric perturbation before taking the coincidence limit xl:t ----+ zl:t. Our idea to overcome this difficulty is to use a Taylor expansion with respect to the radius (i.e. XT), where we adopt Boyer-Lindquist coordinates {t,r,O,¢} (see Eq. (3·10) below). The summation of the Fourier-Harmonic expansion becomes much easier if one takes it for each power of the radius under the slow motion approximation**) of the motion of the particle. In fact, to the leading order of the slow motion expansion, each mode of the Fourier-Harmonic expansion corresponds to a power of the Taylor expansion. Thus, we have no need to worry about a infinite summation over the Fourier-Harmonic expansion. 8) We expect that it is sufficient to take a sum over only a finite number of mode functions for each power of the Taylor expansion when we take into account only the finite order of the slow motion expansion.
On the other hand, it is easy to take the Taylor expansion of the instantaneous part from our local analysis. Therefore we can extract the instantaneous part from *) More general analysis on the metric perturbation is given in Ref. 7) . **) We use 'the slow motion approximation' instead of 'the post-Newtonian approximation' since usually the latter assumes that the gravitational potential is small in addition to the approximation of the former. Contrastingly, we consider the case in which the graviational potential diverges. the metric perturbation in the form of a Taylor expansion. After the extraction, we take the coincidence limit xO< ---t zO< for each power of the Taylor expansion and calculate its sum. We expect that the summation of the Taylor expansion becomes easy since we have already extracted the singular contribution, and sufficient convergence of the large-l contribution is expected to make the summation finite.
We note that one cannot obtain a Taylor expansion of the metric perturbation in a naive manner. This can be seen from the behavior of the Regge-Wheeler functions or Teukolsky functions, from which we can construct the metric perturbation and, thus, we can construct any geometrical quantities of interest. The explicit behavior of these functions have been thoroughly investigated in Ref. 10) , and it is argued that under a slow motion expansion of the motion (i.e. wM « wx T « 1), ReggeWheeler functions and Teukolsky functions can be expanded using Coulomb wave functions.
As an example, we consider a quantity f which is linear in the tail part of the metric perturbation, and, therefore, a regularization prescription is necessary to derive it in an explicit manner. We refer to a quantity fbare which is derived by the 'global' analysis (i.e. derived with the full metric perturbation) as 'bare', and we refer to a quantity i nst which is derived by the 'local' analysis (i.e. derived with the instantaneous part of the metric perturbation) as 'instantaneous'. We consider taking the point xQ radially inside the particle; i.e.
(2·3)
An explicit value of the bare quantity fbare is expanded with (lmw) mode functions in the Fourier-Harmonic expansion, and, then, is expanded with Coulomb functions (index-s) as f bare = "'""' fbare 
Owing to this, when we consider the slow motion expansion, there appear log-terms in fbare as lmw
The appearance of log-terms, log [XT], is essential in this expansion. However, their presence makes it difficult to derive the Taylor expansion with regard to x T •
The (xli, x4»-dependence does not create any trouble, and, for simplicity, we put
The oscillating terms are properly expanded by putting xt as*)
Then the coincidence limit XCi -+ ZCi corresponds to taking x T -+ ZT.
(2·8)
As for the log-terms, we consider to expand them by using the O(x T -ZT)_ ambiguity of fl~:. Since we take the coincidence limit x T -+ ZT in the final step of the regularization procedure, the result is not changed if we add O(XT -zT)-terms to fl~:e. We re-expand fbare with powers of log-terms as
and we consider the singular behavior of jbare(s) around the coincidence limit x T -+ ZT. In Appendix B, we summarize the singular behavior of jbare(s) in the case of a Schwarzschild black hole as a background spacetime, and we find that all jbare(s) have the same singular behavior around the coincidence limit x T -+ ZT to any finite order of the slow motion expansion of the particle motion.
In Appendix B, we argue that the singular behavior of fbare(s) owes to the infinite sum of the Harmonic mode functions regarding t, and, in fact, we show that the mode functions do not become damped at large t when taking the coincidence limit x T -+ ZT (see Eq. (B·2)). Therefore, it is important to investigate the large-l behavior of (II -l) and Lt jl:~[t+ll(xT)t in (2·11). We find
(Since we take a finite order of the slow motion expansion, it is enough to take N* as a sufficiently large but finite positive integer.) The summation over l can be done, for example, using the formula ] is smooth at the coincidence limit x T -> ZT, we conclude that the singular behavior of fbare(s) and fbare is the same.
fbare has the same singular behavior as f inst , which can be derived by the local analysis. Here we put
then it is sufficient to replace the log-terms by
After this replacement, one can obtain the Taylor expansion of fbare in x
In this section we summarize a procedure used to derive the radiation reaction force created by the monopole particle at zQ. A similar procedure is applicable to the derivation of the radiation reaction to the spin evolution of a particle with a multipole structure, and so on.
1) Instantaneous force
Here we make use of the local analysis presented in our previous paper. 8) However, here we make calculation in a coordinate dependent manner. Using the instantaneous part of the metric perturbation h inst derived in Ref. 8), we compute
"101.,;3
where xOi. is taken as
and uQ(z) is the 4-velocity of the particle at zQ. The computation is done in the form of a Laurent expansion in x T -ZT up to O(x T -ZT) as
We then take the slow motion approximation, 
(3·5)
S
Here we use pinst a instead of Finst a , since we neglect terms of O(XT -ZT) in (3·3).
2) Bare force
We here derive the bare reaction force F bare . The bare metric perturbation can be derived from the Zerilli-Regge-Wheeler functions by the Zerilli-Regge-Wheeler formalism 5) in the case of a Schwarzschild background, or from the Teukolsky functions by the method of Chrzanowski 6) in the case of a Kerr background. These functions are investigated in detail in Ref. 10) , and the expansion appropriate for the present purpose is the slow motion approximation (i.e., wM « wr « 1, where M is a mass of the background black hole), in which functions are expanded with Coulomb wave functions.
We compute where x a is taken as in (3·2). Again, we take the slow motion approximation (3·4) and derive an explicit component of F bare Q using the Zerilli-Regge-Wheeler functions or Teukolski functions analytically expanded with Coulomb wave functions. After summation over the indices wand m of the Fourier-Harmonic expansion, we have
3) Taylor expansion of the bare force xL Fbare(l,t) Q(xT)t . t (3·7) (3·8)
We already know that the singular behavior of F bare Q is rv (x T -zT)-2, and therefore, it is sufficient to perform the following replacement in (3·8):
Then we obtain the Taylor expansion of the 'bare' force in x T in an appropriate manner:
4) Regularized force
Using (3·5) and (3·10), we can derive the Taylor expansion of the regularized force. We assume that the tail part of the metric perturbation is analytical around the particle, and we take the coincidence limit x T ---+ ZT after the extraction of (3·5) from (3·10).
We obtain
S Until now, we have ignored the gauge problem in deriving the radiation reaction force. The local analysis done in our previous paper adopts the harmonic gauge condition, while the Fourier-Harmonic expansion of the metric perturbation adopts a different gauge. *) We assume that the gauge transformation between these two gauges is finite at the position of the particle. With this assumption, the finite gauge ambiguity is left in the radiation reaction force. However, it is well known that the gauge dependence vanishes when one considers the time-averaged reaction, which is the case when considering the adiabatic evolution of the orbit. Therefore we believe that the gauge ambiguity is not the source of trouble in constructing theoretical templates of gravitational waves. §4.
Conclusion
In this paper, we have proposed a method to derive explicit components of the regularized metric perturbation induced by a point particle moving around a Schwarzschild/Kerr black hole under a slow motion expansion of the motion. The problem is that the (bare) metric perturbation diverges at the particle. For this reason, some regularization prescription is necessary for explicit derivation.
We considered the combination of local analysis 4) and global analysis, 3), 6) taking the Boyer-Lindquist coordinates {t, r, (;I, 4>}. For the particle at zQ, we derive the bare reaction force consisting of the metric perturbation and the instantaneous reaction force consisting of the instantaneous part of the metric perturbation at xQ i-zQ, x T < ZT. Our strategy is to first extract the instantaneous force from the bare force, and then take the coincidence limit, xQ ---+ zQ. However, in the local anaysis, we know the metric perturbation just around the particle, while in the global analysis, the metric perturbation is obtained in the form of a Fourier-Harmonic expansion. Furthermore, in the global analysis, the singular behavior of the metric perturbation around the particle is obscure. Hence it is essential here to take a summation over the Fourier-Harmonic expansion of the perturbation in the regularization procedure.
In order to make the performance of the summation over the Fourier-Harmonic expansion in the global analysis simpler, we considered the Taylor expansion in the radius, and several techniques were developed to derive the proper expansion of the bare reaction force. The Taylor expansion of the instantaneous force can easily be obtained, and we proceeded with the power-by-power extraction of the instantaneous force from the bare force, taking the coincidence limit.
.) In the Schwarzschild geometry, the Zerilli-Regge-Wheeler formalism 5) takes the so-called Regge-Wheeler gauge condition. In the Kerr geometry, a radiation gauge is taken. 6) The method to derive the radiation reaction force was previously discussed by Ori.11) His argument is that the divergent term is propotional to the covariant 4-acceleration. Therefore, a finite reaction force can be naturally obtained as long as the particle moves along the background geodesic, based on the result of DeWitt and Brehme in the case of electromagnetism. 12),*) His result could be correct if we have the DeWitt-Brehme regularization prescription in a coordinate dependent manner, i.e. a regularization prescription in which we integrate a conserved current over a world tube surrounding the orbit of the particle with a infinitestimally small volume of a infinitestimal temporal length. This seems difficult, since it is hard to define a world tube on which one can properly take the integration. On the other hand, we have clarified the method of regularization needed to obtain a finite reaction force.
Using the method developed here, the computation of the radation reaction to the Carter constant and the spin evolution is in progress. 13) coefficients become smaller for large n, i.e. a n ll ' " O( fn) for n > 0 and a n ll rv O( flnl-l)
for -21-1 ~ n. Therefore, it is sufficient to consider only a finite expansion in n to a finite order of the slow motion expansion. For sufficiently large N, we can safely assume
We consider the large-l behavior of the expansion coefficients a n ll and the renormalized angular momentum 1/. The expansion coefficients satisfy the recurrence relations 1111 +f311 11+ 1111 0 an an+l n an "(n a n -1 = ,
We propose to solve this relation with the boundary condition and subject to a convergence condition (Eq. (A·12)) given below.
We define the continued fractions which satisfy
As noted above, we can safely put
for the finite order of the slow motion approximation and we can derive Rn(I/) for n = 0,1,2"", N -1 and Ln(l/) for n = -1, -2,,'" -N + 1 from (A·lO). Then the convergence condition is given by (A·12) from which we can also obtain the renormalized angular momentum 1/. As argued in Ref. 10) , (A·12) is invariant under the replacement 1/ --t -1/ -1 and n --t -no Thus, one can derive another independent solution using the relation We consider the large-l limit of (A·lO). At this moment, we assume that v -I 
). This assumption is correct, in fact, to the lower order of the slow motion expansion, 10) and, in the following, we prove that this assumption is consistent. Since we take I ;:::; v» N ~ Inl ~ 0, we have
From Eq. (A·lO) with the conditions (A·11), we can inductively find
, , ,
The convergence condition (A·12) becomes
from which we can consistently reach the assumption (A·21)
Since the Regge-Wheeler equations are second order differential equations, our proof for two possible values of v is sufficient. From (A·18) with (A·8), we find the large-l behavior of the expansion coefficients as (A·22)
We then condsider the large-l behavior of the Coulomb wave functions. We have
Now it becomes clear that, apart from the over all factor
, all the coefficients of z are Ol/l-power(1/ln) in the large-l limit. With (A·22), we find that the large-l behavior of the Regge-Wheeler function (A-I) can be written as
(N' here is a finite and sufficiently large number determined by the order of the slow motion expansion.) Using the homogeneous Regge-Wheeler functions above, we discuss the inhomogeneous Regge-Wheeler functions. Here we propose to use the Green function method. The homogeneous Regge-Wheeler functions with appropriate boundary conditions, i.e. the in-going wave boundary condition at the future horizon (the 'in-going wave solution', Xin) and the out-going wave boundary condition at the future null infinity (the 'up-going wave solution' X~p), can be constructed with a linear combination of (XCV, Xcv-I), or, equivalently, of (XCV, XcV-I). The explicit derivation of these functions is also argued in Ref. 10) . However, at this moment, it is sufficient to put We call Ginhomol/ the 'inhomogeneous Green function' and Ghomol/ the 'homogeneous Green function'. One finds that the inhomogeneous Green function contains step functions. Therefore, it generates an inhomogeneity of the solution induced by the source. On the other hand, the homogeneous Green function does not contain step functions, and, thus, it just induces a homogeneous solution so that the sum of these Green functions satisfy the appropriate boundary condition.
From (A·26), the large-l behavior of the inhomogeneous Green function becomes
where z> is the larger of z and z', and z< is the smaller.
Appendix B --Singular Behavior of jbare(s) --
In this appendix, we consider the singular behavior of the metric perturbation around the particle moving around a Schwarzschild black hole. We consider that the metric perturbation is derived by the Zerilli-Regge-Wheeler formalism, 5) and we investigate the singularity using the result of the preceding appendix.
In the Zerilli-Regge-Wheeler formalism, 5) the metric perturbation induced by a point particle is expanded with Fourier-Harmonic functions of indices (l, m, w), and the linearized Einstein equations are reduced to second order ordinary differential equations, called 'Regge-Wheeler equations', for the odd parity part of the perturbation and 'Zerilli equations' for the even parity part of the perturbation. It is well known that homogeneous solutions of Zerilli equations can be transformed to those of Regge-Wheeler equations by operating with a differential operator. 14) As done in the previous section, one can easily prove that the Green function of a Zerilli equation behaves in the same manner as that of a Regge-Wheeler equation; as in (A·30), it is divided into a homogeneous part and an inhomogeneous part, and in the large l limit, the inhomogeneous part of the Green function behaves as (A·34).
We consider the case that the particle is moving along a circular orbit of the radius ro around a black hole, and, as an example, we consider only the (tt)-component of the metric perturbation. The case of a quasi-circular orbit can be discussed in a similar manner, as long as the effect of the eccentricity can be taken into account by the perturbation method. In the Regge-Wheeler gauge, the (tt)-component of the metric perturbation is derived only by the Zerilli equation. A rough investigation yields the large-l behavior of the source term as
where fl is the orbital angular frequency. Using the result of the preceding appendix, (A·34), the inhomogeneous part of the (tt)-component of the metric perturbation around the particle is found to behave as hinhomott(r) ---t L 8(w -mfl) 1 llm (-rr /2, 0)1 2 (~ <) / / X Ol/l-power(l/ll) , (B·2) lmw > where r> is the larger of rand ro, and r < is the smaller. After taking the sum over (m, w), one can find that the divergence of the metric perturbation is due to the infinite sum of the Harmonic mode functions in I, and we expect that the singular behavior can be investigated from this large-l expression. We note that, apart from the non-integer power of the radius, this is quite similar to what we encounter in the Newtonian potential of the Harmonic expansion (B·3)
The other components of the metric perturbation can be derived in the same way, and we consider the singular behavior appearing in deriving the bare reaction force jbare. One finds that the inhomogeneous part of the bare reaction force becomes (We assume that the field point is inside the particle radius, i.e. r < ro.) As argued in §2, we expand the non-integer power index v of (jbare). Though we here consider the case that the particle only has a monopole structure and is moving along a circular orbit, our analysis must be applicable to a particle with multipole structure moving along a more complicated orbit. We stress that the singularity of the metric perturbation comes from the infinite summation of the Harmonic expansion, therefore, the singular behavior can be obtained by investigating the contribution of the large-l terms. As we propose to expand the non-integer power terms as (2·10), it is necessary to see the singular behavior of jbare(s). The large-l contribution to jbare(s) is the same just because 1/ -1 ---* Ol/l-power(1/10), and we conclude that the singular behavior of jbare(s) must be independent of s in more general cases.
